We establish new constraints on the intermediate-mass range of the initial-final mass relation by studying white dwarfs in four young star clusters, and apply the results to study the evolution of stars on the thermally pulsing asymptotic giant branch (TP-AGB). We show that the stellar core mass on the AGB grows rapidly from 10% to 30% for stars with M initial = 1.6 to 2.0 M ⊙ . At larger masses, the core-mass growth decreases steadily to ∼10% at M initial = 3.4 M ⊙ . These observations are in excellent agreement with predictions from the latest TP-AGB evolutionary models in Marigo et al. (2013) . We also compare to models with varying efficiencies of the third dredge-up and mass loss, and demonstrate that the process governing the growth of the core is largely the stellar wind, while the third dredge-up plays a secondary, but non-negligible role. Based on the new white dwarf measurements, we perform an exploratory calibration of the most popular mass-loss prescriptions in the literature. Finally, we estimate the lifetime and the integrated luminosity of stars on the TP-AGB to peak at t ∼ 3 Myr and
INTRODUCTION
The life cycles of most stars are dominated by quiescent, long-lived phases such as the hydrogen-burning main sequence and the white dwarf cooling sequence. For low-and intermediate-mass stars with initial masses in the range 1 M ⊙ M initial 6 -8 M ⊙ , these two extremes are connected by the thermally pulsing asymptotic giant branch (TP-AGB) evolutionary phase, during which stars experience quasi periodic thermal instabilities of the He-burning shell (thermal pulses) and rapidly lose a large fraction of their mass (Herwig 2005 ).
An understanding of the TP-AGB phase has many important applications in astronomy. Of particular interest is the prospect of directly measuring the growth of the stellar core on the AGB. The growth is set by the lifetime of the TP-AGB, which itself depends on the timescale over which the stellar envelope is lost through mass loss processes (Marigo & Girardi 2001) . At the same time, the effective increase of the core may be limited by the third dredge-up, which causes a sudden reduction of its mass each time it takes place (Herwig 2004) . This growth of the core mass and the TP-AGB lifetime as a function of the initial stellar mass (hence age) are powerful inputs to theoretical models aimed at evaluating the integrated luminosity contribution of AGB stars, since these luminosities play a central role in the construction of population synthesis models that are used to interpret galaxy evolution (e.g., Bruzual & Charlot 2003; Maraston et al. 2006; Conroy 2009 : Conroy & Gunn 2010 Zibetti et al. 2013) .
On the other hand it is a matter of fact that, in spite of the remarkable progress attained in fields of TP-AGB stellar evolution in the last decades (see Herwig 2005 , for a review), predictions of this phase are still affected by a sizable degree of uncertainty. This should be mostly ascribed to the high complexity of the physics involved, and the fact we still have to cope with ill-defined theories of stellar mixing and convection, as well as insufficient understanding of mass loss mechanisms. We still lack an accurate knowledge of how the third dredge-up episodes vary with thermal pulses, and of what is the dependence of their efficiency on stellar mass and metallicity. Likewise, substantial effort is needed to gain insight into the driving mechanism and strengths of stellar winds on the AGB (e.g., Habing 1996; Weidemann 2000; Willson 2000; Gustaffsson & Höfner 2004) . The relation between mass loss and other stellar parameters such as metallicity and dust-to-gas ratio is also not well understood. Similarly, direct observational constraints are difficult to establish given the dust enshrouded nature of AGB stars and their short evolutionary lifetimes.
The relation between the initial and final (i.e., white dwarf) masses of stars represents a new tool to bear on studies of AGB evolution (Bird & Pinsonneault 2011) , since the end product of AGB stars is the white dwarf cooling sequence (e.g., Weidemann 2000; Girardi et al. 2010). The relation has now been well-measured by spectroscopically studying white dwarfs that are members of star clusters with well defined characteristics. The current constraints from M = ∼1 -7 M ⊙ shows a rise in the remnant mass that is proportional to the initial mass (e.g., see Kalirai et al. 2007; 2008; 2009 and references therein) . At the intermediate masses that are characteristic of AGB stars, the relation exhibits a large scatter and this leads to difficulty in ascertaining the influence of AGB evolution. This scatter is likely caused by the heterogeneous nature of previous studies. The white dwarf spectra have been collected with different instrumentation and suffer from many selection effects and biases. For example, there is likely contamination in the sample from field stars, low signal-to-noise ratio measurements, fits to Balmer lines using outdated spectroscopic models, incorrect metallicity assumptions, and inaccurate turnoff ages inferred from different theoretical isochrones (leading to systematic errors in the initial masses). Bird & Pinsonneault (2011) recently investigated the initial-final mass relation and employed a fuel consumption argument to set a lower bound on the fraction of light emitted during the TP-AGB phase. Their results, based on combining several studies of the initial-final mass relation, suggest that the growth of the stellar core exhibits a plateau of ∼20% at M initial ∼ 3 M ⊙ , decreasing to ∼10% at M initial > 4 M ⊙ . In the present study, we build on the initial work by Bird & Pinsonneault (2011) by taking advantage of new observational and theoretical work. First, we minimize systematic errors by limiting our study to a small set of star clusters that all have moderately super-Solar metallicity, two of which also have identical ages.
6 Second, we take advantage of newly dis-6 The nine star clusters in Bird & Pinsonneault (2011) spanned a metallicity range of greater than a factor of 2.
covered white dwarfs in both the Hyades and Praesepe star clusters to increase the significance of the measurement over the critical mass range that corresponds to expected AGB evolution. Finally, we largely eliminate systematic errors in the derivation of remnant masses by re-calculating all measurements with a common set of white dwarf spectral models that incorporate the latest physics of the Stark broadening. The result of this work is a robust measurement of the core-mass growth at M initial = 1.6 to 3.8 M ⊙ .
We describe the observational data set in § 2 and the calculation of initial and final masses for each star in § 3. These results provide new constraints on the absolute core-mass growth of the AGB ( § 4), the processes governing core-mass growth including the significance of the third dredge up ( § 5.1) and mass loss ( § 5.2) , and the lifetime and energy output of these stars ( § 6). All of the results are discussed with respect to the important role that the TP-AGB phase of stellar evolution plays in establishing the fraction of red light emitted in population synthesis models.
NEW WHITE DWARFS IN THE HYADES AND PRAESEPE STAR CLUSTERS
The Hyades and Praesepe open star clusters share incredible similarities. Both clusters have ages of ∼600 -650 Myr and metallicities slightly higher than Solar, Z initial ∼ 0.02 (Gratton 2000; An et al. 2008) , and can be studied in exquisite detail given their proximity (d = 46.3 pc for Hyades -Perryman et al. 1998 ; d = 184.5 pc for Praesepe ). The present main-sequence turnoff mass in these clusters is ∼3 M ⊙ .
Recent observations of both the Hyades and Praesepe clusters have revealed new members of the remnant white dwarf population. For the Hyades, Schilbach & Röser (2012) constructed a multi-step process to identify 27 white dwarf candidates, including all 10 of the previously known members (van Altena 1969; Reid 1992; Weidemann et al. 1992; von Hippel 1998) . Their methods combine tangential motions from proper motion measurements, photometric comparisons with the white dwarf locus in the color-magnitude diagram, and radial velocities for some stars. Tremblay et al. (2012) further scrutinized the membership of these candidates by fitting state-of-the art spectral models to the Balmer lines (Tremblay & Bergeron 2009) , and calculating both atmospheric parameters (e.g., log(g), T eff , and cooling age) and theoretical luminosities. Tremblay et al. (2012) also simulated the field contamination along this sightline in their analysis. By comparing the spectroscopic and kinematic distances, as well as the cooling ages of the new stars to the cluster age, they confirmed five of the new candidates as likely members of the Hyades.
7 The other candidates are not explicitly excluded from membership. Radial velocities of several of these candidates were also observed by Zuckerman et al. (2013) , who confirm three of the new candidates as bona-fide members of the Hyades, but also reject WD0743+442. The final list of Hyades members that we consider, including these new stars and the seven classical members that are not in binaries, is presented in Table 1 . The atmospheric parameters for these stars have been taken directly from Tremblay et al. (2012) .
For the Praesepe, earlier studies measured five white dwarf candidates (Luyten 1962; Eggen & Greenstein 1965; , 1984 Claver et al. 2001) , and more recent observations have identified an additional six white dwarf candidates (Dobbie et al. 2004 (Dobbie et al. , 2006 . Casewell et al. (2009) present a careful examination of nine of these stars, based on high-resolution optical spectroscopy, and show contamination in the sample from a magnetic white dwarf and a likely field white dwarf. Their final sample of Praesepe white dwarf members includes seven white dwarfs, which are listed in Table 1 (although, see below for the atmospheric properties of these stars).
INITIAL AND FINAL MASSES
The atmospheric properties of the 4 white dwarfs in NGC 6819 and NGC 7789, and the 18 white dwarfs in the Hyades and Praesepe clusters are listed in Table 1 . These properties, including the white dwarf masses (M final ), were calculated by Kalirai et al. (2009 ), Tremblay et al. (2012 and Casewell et al. (2009) using the successful technique of fitting the Balmer lines in the spectra with model atmospheres (Bergeron, Saffer, & Liebert 1992) .
As has been demonstrated numerous times, this technique leads to accurate parameters provided the spectra have high signal-to-noise ratio and sensitivity to the higher order Balmer lines (Kleinman et al. 2013 ). However, both the Kalirai et al. (2009) and Casewell et al. (2009) studies modeled the white dwarf spectra using older line profiles compared to those presented in Tremblay & Bergeron (2009) . We therefore apply a small correction to these results to place them on the same foundation as the new Hyades measurements (i.e., from Figure 12 in Tremblay & Bergeron 2009 ). For example, for the Praesepe white dwarfs, this correction is +400 K in T eff and +0.1 dex in log(g). All of the updated atmospheric properties, including the final masses of the white dwarfs, are presented in Table 1 .
Progenitor masses for these white dwarfs can be calculated by taking advantage of their membership in the four clusters (e.g., see Kalirai et al. 2005 for a similar study in another intermediate age cluster). First, the mass and temperature of each white dwarf uniquely sets its cooling age (t cool ), which represents the time since that white dwarf left the tip of the AGB. By subtracting this cooling age from the age of the star cluster, we arrive at the lifetime of the progenitor star that made the white dwarf (i.e., the dominant main-sequence lifetime plus the post main-sequence lifetime up to the tip of the AGB). The ages of the clusters are taken from earlier studies -2.5 Gyr for NGC 6819 and 1.4 Gyr for NGC 7789 (Kalirai et al. 2001 (Kalirai et al. , 2008 , and 625 Myr for the Hyades and Praesepe (Perryman et al. 1998; Claver et al. 2001) . The progenitor masses of the stars (M initial ) follow from standard stellar models at the cluster metallicity, and are listed in the last column of Table 1 (new Bressan et al. 2012 models) . The sensitivity of these initial masses to mild changes in the metallicity or age of the star clusters is small. For example, a shift in the age from the default 625 Myr by ±50 Myr leads to initial masses that are <3% smaller or larger, and a change in the metallicity of ∆Z = 0.05 leads to a similar effect on the masses. Such effects on the ages of the older clusters NGC 6819 and NGC 7789 lead to even smaller uncertainties.
The individual measurements for stars in each cluster presented in Table 1 are averaged into four initial-final mass pairs in Table 2 . Also included is the resulting integrated mass loss through stellar evolution. For M initial ∼ 3 M ⊙ , our results demonstrate that stars will lose 75% of their mass to the interstellar medium. As expected, the mass loss is measured to be very similar for the Hyades and Praesepe clusters, given their identical age and metallicity.
CORE-MASS GROWTH ON THE TP-AGB
The core mass at the first thermal pulse, M c,1tp , is primarily a function of initial stellar mass and chemical composition. A general agreement exists among different stellar evolution models on the trend of M c,1tp with the stellar mass. For instance, a minimum of M c,1tp is expected in correspondence to the maximum mass, M He−F , for a star to develop an electron degenerate He-core, while the first occurrence of the second dredge-up in intermediate-mass (M initial ≃ 3 − 4M ⊙ ) produces a change in the slope (inflection point) of the M c,1tp − M initial relation that runs flatter at higher masses. Clearly, precise predictions of these features do depend on the physics adopted in stellar models (see e.g., Wagenhuber & Groenewegen 1998). However, the current theoretical dispersion in M c,1tp is much smaller than the uncertainties in the final masses due to the uncertainties in the subsequent TP-AGB evolution. In this sense, M c,1tp may be considered a robust prediction of stellar models.
We take M c,1tp from the new stellar evolutionary models in Bressan et al. (2012) (i.e., the PARSEC code: PAdova & TRieste Stellar Evolution Code) for initial composition Z initial = 0.02, Y i = 0.284, with a scaledsolar distribution of metal abundances according to Caffau et al. (2011) , -this corresponds to Solar metallicity Z ⊙ = 0.01524. For example, over the range of initial masses spanned by the Hyades and Praesepe white dwarfs in Table 1 
Beyond the first thermal pulse, the subsequent TP-AGB is challenging to model because of the complex interplay of many physical processes, which are often affected by severe uncertainties. During this phase, the mass of the H-exhausted core increases following the outward advancement of the H-burning shell during the quiescent inter-pulse periods, while the mass may be temporarily reduced at each third dredge-up event, by an amount that depends on the depth of the envelope penetration. In the meantime the stellar envelope is progressively lost by stellar winds. Therefore, the size of stellar core increase is controlled by the competition between (a) the speed of displacement of the H-burning shell, that fixes the core growth rate, (b) the strength of mass loss, that determines the TP-AGB timescale, and (c) the efficiency of the third dredge-up (if it occurs), that lessens the effective mass increment. While the former aspect mainly relies on well-established properties of nuclear reactions, the latter two processes, i.e., mass loss and third dredge-up, are still not robustly assessed on theoretical grounds. For more information, see Marigo & Girardi (2001); Marigo (2013) .
The end product of the TP-AGB is the nuclearprocessed core, the C-O white dwarf. The masses of the 22 white dwarfs in Table 1 therefore provide a novel method to directly measure the core growth on the TP-AGB, ∆M growth = M final − M c,1tp . We illustrate this in Figure 1 , both for the individual raw data (open circles with error bars) and five (straight) average values across the initial mass spectrum. The averages are calculated by treating each of the NGC 6819 and NGC 7819 pairs separately, and then defining three mass bins between 2.5 < M < 4.0 M ⊙ with bin width 0.5 M ⊙ for the 18 Hyades and Praesepe white dwarfs. The averages are shown as darker filled circles and connected with a thick black line. The uncertainties in these values are the errors in the mean for each average. The core-mass growth is shown as a percentage, ∆M growth /M c,1tp . The binned averages illustrates that ∆M growth increases rapidly from 10% to 30% for stars with M initial = 1.6 to 2.0 M ⊙ , and at larger masses decreases down to ∼10% at M initial = 3.4 M ⊙ . There is a small hint of an upturn at larger masses, suggesting that the core-mass growth is 10% up to M initial = 3.8 M ⊙ .
For M initial > 3 M ⊙ , our results are systematically lower than those reported in the similar study by Bird & Pinsonneault (2011), by as much as a factor of two. Although their study also looked at white dwarfs in the Hyades and Praesepe clusters (not including the new discoveries and uniform measurements from the Tremblay et al. 2012 models), they also included white dwarf measurements in two other star clusters over this mass range (i.e., with different ages and metallicities).
TESTING TP-AGB MODELS
The measurement of ∆M growth over M initial = 1.6 -3.8 M ⊙ provides a new test to the latest evolutionary models of TP-AGB stars. New calculations by Marigo et al. (2013) offer significant advances over previous generation models. These models begin at the first thermal pulse, extracted from the new Bressan et al. (2012) stellar models, and continue to the complete ejection of the envelope due to winds (Marigo et al. 2008 ). Compared to past releases Girardi et al. 2010 ) the new tracks now include a more accurate treatment of the star's energetics (the core mass-luminosity relation and its break-down due to hot-bottom burning are self-consistently predicted), and rely on the first ever on-the-fly computations of detailed molecular chemistry and gas opacities (Marigo & Aringer 2009 ). This new advance guarantees full consistency between the envelope structure and the surface chemical abundances, and therefore robustly tracks the impact of third dredge-up episodes and hotbottom burning.
In this work, we explore the dependence of the predicted final mass left at the end of the TP-AGB phase to 1.) the efficiency of the third dredge-up, and 2.) the mass loss, starting from a reference set of TP-AGB models, as described in Marigo et al. (2013) . The occurrence of the third dredge-up is determined with the aid of envelope integrations at the stage of the post-flash luminosity peak, checking if the condition T bce > T dred is fulfilled, i.e., the temperature at the base of the convective envelope exceeds a minimum value (more details in Marigo et al. 2013) . For the present calculations we set log(T dred ) = 6.6, a value somewhat larger than the log(T dred ) = 6.4 that was assumed for the test models presented in Marigo et al. (2013) . Increasing T dred causes a later onset of the third dredge-up, i.e., at larger core masses, which is a more suitable choice for describing the formation of carbon stars at higher metallicities, as suggested by previous full model calculations (Karakas, Lattanzio, & Pols 2002) and calibration studies (Marigo et al. 1999) .
The efficiency 8 of the third dredge-up λ, as a function of stellar mass and metallicity, is taken from the rela-8 The efficiency of the third dredge-up is usually expressed with
, defined as the fraction of the core mass increment over tions of Karakas, Lattanzio, & Pols (2002, hereafter also K02) , that fit the results of their full TP-AGB models. The K02 formalism represents our initial prescription for the third dredge-up, which will be then varied to explore the sensitivity of the predicted final masses to different efficiencies of the mixing episodes, and to eventually obtain calibrated relations for λ as a function of the stellar mass. The mass loss prescription is similar to that adopted in Girardi et al. (2010) . The Reimers mass loss formulation with an efficiency parameter η = 0.2 (following the recent asteroseismologic calibration of Miglio et al. 2012 ) is assumed in the initial stages, followed by an exponentially increasing mass-loss rate relation, derived from computations of periodically-shocked dusty atmospheres (Bedijn 1988) .
Similar to other descriptions, the Marigo et al. (2013) models take the efficiencies of both the third dredge-up and mass loss as free parameters, to be calibrated with observations. Indeed, the initial-final mass relation provides us with an important tool to put constraints on these two processes. In this perspective, besides the default choice of parameters, we consider several additional prescriptions for both processes. Given its flexibility, physical accuracy, and fast performance, the colibri code developed by Marigo et al. (2013) is an appropriate tool to carry out extensive exploration and calibration analyses.
Characterizing the Significance of the
Third Dredge-Up The third dredge-up affects the core-mass growth on the TP-AGB in two main modes.
The first effect is the direct reduction of its mass: every time a dredge-up episode takes place with an efficiency λ, the core mass is almost instantaneously turned down by an amount λ∆M c . Unfortunately, the efficiency λ is one of the most uncertain parameters of TP-AGB star modeling as it is found to vary significantly from study to study, depending on the adopted treatment of convection, mixing, and numerics (see e.g., Marigo 2012 for a review).
An indirect effect is driven by the changes in the surface chemical composition caused by the penetration of the base of the convective envelope into the intershell region. In fact, each dredge-up event results in a mixing of material (mainly 4 He, 12 C, 22 Ne, Na, Mg and Al isotopes, and slow-neutron capture elements) left by the pulse-driven convective zone to the outer layers. In particular, the enrichment in primary carbon causes the surface C/O ratio to increase. As soon as the number of carbon atoms exceeds that of oxygen (i.e., an inter-pulse period (∆Mc), that is dredged-up to the surface at the next thermal pulse (with mass ∆M dup ) C/O> 1) an abrupt change in the molecular equilibria causes a sudden rise of the atmospheric opacity (Marigo 2002) . In turn, this results in lower effective temperatures and increased mass loss from dust-driven winds Mattsson et al. 2010) . As a consequence, the TP-AGB lifetime is shorter and the growth of the core mass is smaller than otherwise predicted neglecting the enhancement of the carbon-bearing opacity.
According to the K02 models, λ quickly increases from one thermal pulse to another until it reaches a maximum, λ max , whose value typically increases with the stellar mass, while it decreases at larger metallicity. To explore the effect of the third dredge-up, we vary its efficiency by simply multiplying the original K02 λ max by four selected factors, i.e., λ max = ξ λ λ K02 max , with ξ λ = 0.0, 0.5, 0.8, 1.0, as shown in Figure 2 . They represent a sequence of increasing efficiency of the third dredge-up, starting from no dredge-up (ξ λ = 0.0), up to recover the reference K02 relations (ξ λ = 1.0). Since this latter case yields already rather large efficiencies (λ max 0.8 − 0.9) for intermediate-mass stars (M initial > 2.5 M ⊙ ), we do not consider larger value, i.e., ξ λ > 1.0. The four curves correspond to selected values of the variation factor ξ λ , defined by the relation λmax = ξ λ λ K02 max , where λ K02 max denotes the reference predictions of Karakas, Lattanzio, & Pols (2002, K02) . Note that ξ λ = 0 refers to models without third dredge-up. The calibrated relation (red line connecting filled circles), based on the new observed average core-mass growth from our data, exhibits a non-monotonic behavior with the stellar mass.
Based on the four curves in Figure 2 , we calculate theoretical sequences for TP-AGB evolution, and illustrate the resulting core mass growth in Figure 3 . All of the predictions have the same shape and approximate normalization as the new observations (darker line with filled circles). This agreement is a remarkable validation of these models at Z initial = 0.02, which lack strong observational tests. The top solid black curve predicts that the maximum core-mass growth in the absence of any third dredge-up reaches ∆M growth = 30% at M initial ∼ 2 M ⊙ , decreasing steadily to ∆M growth = 23% at M initial = 2.8 M ⊙ and ∆M growth = 11% at M initial = 3.8 M ⊙ .
We note that for M initial 1.9 M ⊙ all the curves coincide, since at these masses and for Z initial = 0.02 the third dredge-up is expected not to take place. At larger masses, M initial 1.9 M ⊙ , the curves start to deviate as a consequence of the third dredge-up. The three sequences below the top-most model (ξ λ = 0) each correspond to the same mass-loss law (Bedijn 1988 , see Section 5.2), but with increasing efficiency of the third dredge-up process (as indicated in the label). These models progressively predict a smaller growth in the stellar core, as expected given the direct reduction of the H-exhausted core following each third dredge-up event and the shorter lifetime of the TP-AGB phase.
It follows that, for a given mass-loss prescription, the measurement of the core-mass growth from the white dwarfs is helpful to constrain the third dredge-up as a function of the progenitor's stellar mass, hence of the age. Based on the observed average relationship shown in Figure 3 , we have tentatively calibrated the dredge-up parameter λ max as a function of the stellar mass, so as to obtain the best match with the data using our reference mass-loss prescription. The corresponding λ max (M initial ) relation is plotted in Figure 2 as a red curve.
A few interesting implications can be drawn. First, at metallicity Z initial = 0.02 -corresponding to [Fe/H]≃ 0.1 for the adopted solar mixture -the third dredge-up would occur only in stars with M initial 2M ⊙ . Second, in the range 2M ⊙ M initial 3.0M ⊙ , its maximum efficiency should increase with the stellar mass from zero up to λ max ≈ 0.5 (see Figure 2) . Third, the data seem to suggest that at larger masses, M initial > 3.0M ⊙ , the third dredge-up should become progressively less efficient, with λ max declining towards low values. The decreasing trend of λ max is required to recover the rising trend in the growth of the core mass that the Praesepe cluster white dwarfs seem to suggest. We should note that this indication is at variance with the K02 models, that instead predict larger values for λ max at increasing stellar mass. Further investigation on both theoretical and observational grounds is deserved before a conclusion on this aspect can be drawn. Clearly, this may have important implications for the chemical yields produced by more massive TP-AGB stars.
In summary, with the present prescription for the third dredge-up, we expect a modest carbon star formation at metallicity Z initial ≃ 0.02, mostly confined in stars with masses 2 M ⊙ M initial 3 M ⊙ . The corresponding final surface C/O ratios remain quite low, 1 < C/O 1.3 (last column of Table 3 ), and the fraction of the TP-AGB lifetime spent in the C-star mode reaches a maximum of ≃ 23% at M initial ≃ 2.6 M ⊙ . It is interesting to notice that this result is nicely supported by the recent study of Boyer et al. (2013) , that has revealed a dramatic scarcity of carbon stars in the inner disk of Andromeda galaxy, characterized by a high metallicity (i.e., [Fe/H] ≃ +0.1), comparable to that considered here.
Finally, we plot in Figure 3 the theoretical curve for the core-mass growth, obtained with our calibrated function for λ max . Our best-fit model shows consistency within Fig. 3 .-Our measurements for the growth of the stellar core on the TP-AGB is shown as a darker line with filled circles, and compared to five theoretical models of the TP-AGB phase of stellar evolution from Marigo et al. (2013) . Each of these models only differs in the treatment of the efficiency of the third dredge-up process, as described in § 5.1. The general agreement between these models and the new data is excellent. Within the set of models, the short dashed curve representing a parametrization of λmax = 0.7λ K02 max for the efficiency of the third dredge-up is able to recover the data very well. A refined agreement is obtained with an empirical calibration of the third dredge-up efficiency as a function of the initial stellar mass (red line). Our observations therefore suggest that the third dredge-up does play a role in governing the growth of the core on the TP-AGB, however we will see later in § 5.2 that it is not the dominant effect.
∼2% at all masses.
Characterizing the Significance of Mass Loss
We investigate the influence of stellar winds in controlling the growth of the core mass by running the same set of TP-AGB models for initial metallicity Z initial = 0.02, but adopting four additional options for the mass-loss rates, namely: the classical Reimers (1975, also R75) law, and the popular formulas of Vassiliadis & Wood (1993, also VW93) , Blöcker (1995, also B95) , and van Loon et al. (2005, also vL05) .
Though the Reimers law is known to be inadequate to describe the evolution of the mass-loss rates along the TP-AGB (Blöcker 1995; Schröder & Cuntz 2005; Groenewegen et al. 2009; Cranmer & Saar 2011) , it is still a classical reference in many studies and its behavior was taken into account, for instance, to infer the metallicity dependence of the TP-AGB fuel in the stellar population synthesis models of Maraston (2005) . In that work, the author concluded that the TP-AGB fuel as a function of age, calibrated on Magellanic Clouds clusters, would correspond to adopting the Reimers law with η R = 2/3 in TP-AGB calculations (Renzini & Voli 1981) . This value represents quite a low efficiency compared to η R = 5 as derived by Groenewegen & de Jong (1993) to reproduce the observed AGB star luminosity functions in the LMC. It is therefore interesting to check the Reimers assumption with our new TP-AGB models and the new white dwarf data.
The Vassiliadis & Wood (1993) model, calibrated on the empirical relation between mass-loss rates and pulsation periods of variable AGB stars, has become a reference recipe to describe mass loss during the AGB. As a first approach, we adopt the original formulation (equations 1 and 2 of VW93).
The Blöcker (1995) relation is also a popular prescription in present-day TP-AGB models, and is characterized by quite a steep luminosity dependence. Following the indications of the original paper of Blöcker (1995) , we initially assume the Reimers law with an efficiency parameter η R = 0.2 and, as soon as the pulsation period in the fundamental mode exceeds 100 days, we then switch to the B95 formula keeping the same efficiency parameter, η B = 0.2.
Finally, we test the relation derived by van Loon et al. (2005) on the basis of spectroscopic and photometric observations of dust-enshrouded red giants in the LMC. Similarly to the other cases, we first adopt the the Reimers law with η R = 0.2, and then we activate the vL05 formula as the pulsation periods becomes longer than 300 days (≃ to the minimum period of the stars in vL05 calibration sample).
For each mass-loss prescription, we consider two choices of the third dredge-up efficiency, namely: ξ λ = 1, that is the standard case λ K02 max predicted by Karakas, Lattanzio, & Pols (2002) , and ξ λ = 0, that corresponds to the absence of any dredge-up event. In this way, for each mass-loss law, we can sample the characteristic dispersion in the core mass growth that derives by variations in the third dredge-up efficiency. In particular, the case of ξ λ = 0 yields the upper limit of the core mass increment attainable with a given mass-loss prescription. The results are shown in Figure 4 . First, we note that the range of the core mass growth enclosed between ξ λ = 0 and ξ λ = 1 (hatched areas in Figure 4 ) anti-correlates with the average efficiency of the mass loss, being quite narrow with the B95 and vL05 relations, while becoming much wider with the R75 law.
The final masses obtained with the Vassiliadis & Wood (1993) formalism compare with the data very well, and are strikingly close to those derived with our reference mass-loss prescription, which is based on the Bedijn (1988) formalism. We recall that both relations are empirically calibrated, but the calibration samples of AGB stars and the measured quantities are different, i.e., pulsation periods for VW93; radii, masses and effective temperatures for the Bedijn (1988)-like method. The convergence of the predictions, and the nice agreement with the new observations, at least for the metallicity under consideration, is a promising step towards a more robust AGB calibration.
In this context, the comparison with the observed core mass growth allows one to reject unsuitable mass-loss efficiencies. For instance, the core-mass increment on the TP-AGB obtained with the Blöcker (1995) relation and η B = 0.2 is always too small, even invoking the most favorable case of no third dredge-up. The same seems to apply, though to a lesser extent, also to the van Loon et al. (2005) empirical relation. The adopted B95 and vL05 mass-loss formulations do not allow the core to grow enough on the TP-AGB, at least for the case of slightly super-solar initial metallicity, Z initial ≃ 0.02 (or equivalently, [Fe/H] ≃ 0.1). We note that the high efficiencies of the B95 and L05 mass-loss relations are related to different functional dependences. While the strength of the B95 relation is mostly controlled by the increase in luminosity (Ṁ B95 ∝ L 4.2 ), hence being particularly efficient in more massive AGB experiencing HBB, the intensity of the vL05 mass loss is dictated by the steep sensitivity to the effective temperature (Ṁ vL05 ∝ T −6.3 eff ), so that it is expected to affect particularly TP-AGB models of higher metallicities, like those considered in this work.
Contrary to the B95 and vL05 mass-loss rates, the opposite problem arises with the Reimers law adopting η R = 2/3: the predicted mass loss is too weak, leading to an overestimate of the growth of the core, unless one were to assume that the efficiency of the third dredge-up remains close to unity for most of the TP-AGB evolution at any stellar mass. As a trial, we have considered the case of an extremely strong third dredge-up, taking a high value of the multiplicative factor for the maximum efficiency, ξ λ = 1.5, and forcing an earlier onset of the mixing events by setting a lower temperature parameter, log(T dred ) = 6.3. We find that the increase of the core mass is now lower, but still too high compared to the observation by roughly 50% at any initial stellar mass. Moreover, such a deep third dredge-up leads to an efficient carbon star formation and quite large surface C/O ratios, of up to 4 − 5. This prediction seems unrealistic considering that, instead, Galactic carbon stars normally exhibit C/O ratios of just over unity, in any case never exceeding 1.8 − 2.0 (Lambert et al. 1986; Ohnaka et al. 2000) .
Interestingly, some of these findings are in line with the claims of other studies derived from independent arguments. For instance, lower efficiencies for the Blöcker (1995) relation have been adopted by Ventura et al. (2000) (η B = 0.01) to reproduce the luminosity functions of Li-rich giants in the LMC. More recently, Kamath et al. (2010) have found that the B95 anticipates the AGB termination at too faint luminosities in models aimed at reproducing observations of AGB stars in MC clusters. In a follow-up study Kamath et al. (2012) suggest that the observed luminosity of the AGB tip MC clusters can be correctly recovered assuming that the pulsation period at which the super-wind starts in the VW93 mass-loss prescription is delayed from P ≃ 500 days to P ≃ 700 -800 days. In this framework it is therefore useful to revise all of these mass-loss prescriptions and to find suitable values of their efficiency parameters, or to introduce other modifications that may improve the comparison with the observations. The right panel of Figure 4 shows the results obtained by running additional sets of TP-AGB models with Z initial = 0.02. In all cases we adopt the relation for the third dredge-up efficiency corresponding to ξ λ = 0.7, while varying the mass-loss rates. Specifically, we assume the following set of parameters: η R = 2.0 in the Reimers (1975) Postponing the super-wind in the VW93 mass-loss has the effect of slightly improving the comparison with the data towards larger stellar masses (M initial > 3.0 M ⊙ ), allowing a somewhat larger increase of the core mass. For all of the other mass-loss laws, that instead suffered a more significant discrepancy (see left panel of Figure 4 ), the effect of adjusting the efficiency parameters is substantial, eventually leading to a satisfactory agreement with the observed data in all cases (compare with right panel of Figure 4 ). We also notice that the majority of the mass-loss relations recover very well the morphology of the observed relation as a function of the initial stellar mass, predicting a peak at M initial ≃ 2 M ⊙ and declining wings at both lower and higher masses. The R75 law with η R = 2.0 produces a somewhat worse trend, as the peak becomes broader and shifted towards larger masses.
As a final remark, we emphasize that the results in Figure 4 show clearly that the main factor controlling the growth of the core mass in TP-AGB stellar models is the adopted mass-loss law. The third dredge-up does play a non-negligible role but, in general, varying its efficiency produces a narrower spread in the final masses than that caused by assuming different mass-loss prescriptions, at least among those proposed in the literature for the TP-AGB phase. (2013) models with initial metallicity Z initial = 0.02, and adopting a calibrated λmax relation for the maximum efficiency of the third dredge-up. The time spent at luminosities higher than the RGB tip, i.e., log(L/L ⊙ ) ≃ 3.4, is also shown (blue dashed line), together with the C-star lifetime (red solid line). The predicted TP-AGB core-mass growth in these models fits our new measurements very nicely, as demonstrated in § 5.1. At the peak core-mass growth in stars with M initial ∼2 M ⊙ , the lifetime of stars in the TP-AGB is τ ∼ 3.4 Myr, which reduces to ∼2 Myr if we consider the TP-AGB portion brighter than the RGB tip. For stars with M initial ∼ 3 M ⊙ , the TP-AGB lifetime is τ ∼ 1 Myr, which drops to τ ∼ 0.45 Myr for M initial ∼ 3.5 M ⊙ .
THE LIFETIME AND ENERGY OUTPUT OF STARS ON THE TP-AGB
Given their luminous nature and the high level of mass loss suffered, the evolutionary properties of TP-AGB stars are critically important to establish meaningful constraints on the integrated light and chemical yields of stellar populations (e.g., we showed in § 3 that AGB stars with ∼3 M ⊙ will lose ∼75% of their mass to the ISM). For decades we have known that, owing to their high intrinsic brightness, TP-AGB stars contribute significantly to the total bolometric luminosity of single-burst stellar populations (SSP), reaching a maximum of about 40% at ages from 1 to 3 Gyr (Frogel et al. 1990) . It is worth noting that these classical estimates are actually quite uncertain and need to be revised, as recently demonstrated by Girardi et al. (2013) . The contribution of this phase to the near-IR luminosity may be as high as 80% (see the review of Bruzual 2010, and also see Girardi & Melbourne et al. 2012) .
Presently, the treatment of the TP-AGB phase for evolutionary population synthesis models is disputed, leading to large uncertainties in the interpretation of astronomical observations. For example, Maraston et al. (2006) fit the SEDs of high-redshift Spitzer galaxies, and demonstrate that the ages and masses are 60% lower when adopting their TP-AGB models over the Bruzual & Charlot (2003) population synthesis models. On the other side, Kriek et al. (2010) show that the Maraston (2005) models overpredict the rest-frame nearinfrared luminosity of a sample of intermediate-redshift post-starburst galaxies. More generally, Conroy (2013) illustrates the strong degeneracy between the modeling of the TP-AGB phase of stellar evolution and the inferred metallicity, stellar mass, and star formation rate of galaxies. The author stresses that the treatment of this phase is essential to avoid large systematic errors in galaxy properties.
A careful reconsideration of the TP-AGB phase, mainly in terms of its evolutionary properties as a function of age and metallicity, is therefore necessary at this stage. Recently, Girardi et al. (2010) introduced a new way of calibrating the TP-AGB phase by directly comparing the number counts of AGB stars predicted on the color-magnitude diagram to that measured in a dozen nearby (low-metallicity) galaxies (from the Hubble Space Telescope ANGST/ANGRRR survey - Dalcanton et al. 2009 ). The results show a dramatic improvement over the older models, both in terms of the TP-AGB tip luminosity and the general luminosity function. The end product of this stellar evolution, with the new mass loss prescription (based on a Bedijn 1988-like formalism), suggests a white dwarf mass with M final = 0.52 -0.54 M ⊙ for M initial = 0.75 -0.85 M ⊙ . This prediction is in exact agreement with the measured remnant mass in the old, metal-poor globular cluster M4, M final = 0.53 ± 0.01 M ⊙ (Kalirai et al. 2009; Kalirai 2012 ).
As discussed above, the new TP-AGB evolutionary models in Marigo et al. (2013) present several advances over previous generation models (e.g., , and are found to be in excellent agreement with the independent observations in the present study. In the discussion that follows, we reference core-mass growth and associated yields based on this best-fitting model from Marigo et al. (2013) , with calibrated λ max relation, shown in Figures 2 and 3 . The corresponding evolutionary lifetime of TP-AGB stars with Z initial = 0.02 are illustrated in Figure 5 . The lifetime of stars on the TP-AGB increases rapidly from τ = 1.4 to 3.4 Myr for stars with M initial = 1.6 to ∼1.95 M ⊙ , and then decreases to τ ∼ 2 Myr for M initial = 2.5 M ⊙ , τ ∼ 1 Myr for M initial = 3.0 M ⊙ , and τ ∼ 0.45 Myr for M initial = 3.5 M ⊙ .
The peak in the TP-AGB lifetime takes place in correspondence to the stellar progenitor whose mass is the closest to the maximum mass, M HeF , for a star to experience the He-flash in the degenerate core at the tip of the RGB. In fact, for M initial ≃ M HeF stellar evolution models expect a minimum in the core mass at the first thermal pulse (e.g., Lattanzio 1986; Bressan et al. 2012) . Therefore, stars with initial masses close to this limit enter the TP-AGB phase at fainter luminosities compared to their neighbors in mass, normally below the tip of the RGB. The net effect is a longer duration of the TP-AGB phase just in proximity of M HeF , that is ≃ 1.95 M ⊙ for the chemical composition considered here.
The energy output provided by a star during its TP-AGB phase is simply the time integral of the luminosity over the TP-AGB lifetime, and is proportional to the total amount of nuclear fuel burnt during the evolutionary phase (Renzini & Buzzoni 1986 ). More recent studies ( Marigo et al. (2013) , for Z initial = 0.02 and the calibrated λmax function for the maximum efficiency of the third dredge-up. The long-dashed curve shows the TP-AGB fuel related to the net core-mass growth (i.e., compare to data points in black), whereas the solid curve shows the total TP-AGB fuel (e.g., also including the part of the fuel that escapes the star in the form of chemical yields). For the best-fit model, the fuel burnt through the core-mass growth alone is 90 -65% of the total TP-AGB fuel at M initial = 2 -3.5 M ⊙ . As a comparison, the total fuel burnt on the TP-AGB in the Maraston (2005) (long-dashed short-dashed blue curve) and (short-dashed green line) models are also shown. Both predictions are, to different extents, significantly larger than our best-fit model would indicate. This fuel is directly proportional to the energy output during the TP-AGB phase, which we illustrate in Figure 7 .
have pointed out that the core-mass growth on the TP-AGB provides only a lower limit to the total fuel consumption, since part of the nuclear fuel may either be taken away from the core by dredge-up events, or occur outside the core, like in the case of hot-bottom burning in more massive AGB stars. The part of nuclear fuel not locked in the core is eventually lost by the stars in the form of chemical yields, as extensively discussed in Marigo & Girardi (2001) .
In Figure 6 , we illustrate the fuel burnt on the TP-AGB from the best-fit model, both for the fuel just related to the growth of the stellar core (dashed red curve) and the total fuel (solid red curve). From near the peak fuel consumption at M initial ∼ 2 M ⊙ to 3.5 M ⊙ , the coremass growth accounts for 90 to 65% of the total TP-AGB fuel. The model predictions for the amount of fuel burnt through the core-mass growth are in excellent agreement with our data points (black points and solid line). For this set of calculations we find that the fraction of the total fuel expelled in the form of chemical yields is zero for M initial 1.9 M ⊙ , then it increases up to ≃ 40% for M initial ∼ 3 M ⊙ , and finally decreases to ≃ 25% for
For comparison, we also illustrate the total TP-AGB fuel predicted by the and Maraston (2005) models, for Z initial = 0.019 and Marigo et al. (2013) Z initial = 0.02, respectively. Both curves are higher than the total fuel expected from our best-fit set of TP-AGB calculations. At initial masses M initial ∼ 1.6, 2.0, 2.8, 3.0 M ⊙ the and Maraston (2005) models exceed our calibrated TP-AGB fuel roughly by 65%, 57%, 26%, 66%, and 61%, 41%, 90%, 16%, respectively.
Following the prescription in Marigo & Girardi (2001) , it is straightforward to convert the amount of fuel burnt through the core-mass growth to establish a lower limit of the integrated luminosity emitted during the TP-AGB phase. This result depends only on the measured coremass growth, the efficiency of H-burning reactions (A H = 9.79 × 10 10 L ⊙ yr, Marigo & Girardi 2001) , and the surface abundance of H. The results are illustrated in Figure 7 . As above, the red dashed curve is the output energy associated with just the core-mass growth and is in excellent agreement with the data (black points and black solid curve). The solid red curve is the same model, but for the total energy. The TP-AGB energy output is therefore E ≃ 11 − 12 × 10 9 L ⊙ yr for stars with 2 M ⊙ M initial 3 M ⊙ , and then decreases for higher mass stars down to E = 6 -7 × 10 9 L ⊙ yr for stars with
We present theoretical predictions of the TP-AGB core mass at the first thermal pulse, final mass at the end of the TP-AGB, fuel consumed, stellar lifetime, and stellar energy output, final surface C/O ratio, based on the bestfitting model from Marigo et al. (2013) in Table 3 . In Table 4 , we derive these quantities, other than C/O, for each of the stars in our data set.
CONCLUSION
The physical processes occurring on the TP-AGB phase of stellar evolution lead to dynamic changes in the nature of stars. Over the course of just a few million years, stars can shed >75% of their mass through winds during this evolution. The theoretical parametrization of these processes plays a critical role in the interpretation of light from unresolved galaxies (especially at intermediate ages), however, such efforts are relatively uncon- -The derived TP-AGB energy output from the bestfit model discussed earlier, both for the energy that results from the net core mass growth (dashed red curve) and the total energy (solid red curve). The black data points and black solid curve illustrate the new observational constraints from our study, which agree nicely with this model. The TP-AGB energy output is E = 12 × 10 9 L ⊙ yr for stars with M initial ∼ 2 M ⊙ , and steadily decreases for higher mass stars down to E = 6.1 × 10 9 L ⊙ yr for stars with M initial ∼ 3.5 M ⊙ . strained by observations. In this paper, we leverage new discoveries of white dwarfs in the nearby and well-studied Hyades and Praesepe star clusters to establish 18 initial and final mass pairs, combined with earlier studies by our team of the older star clusters NGC 6819 and NGC 7789. These data provide new insights on the properties of the TP-AGB phase of stellar evolution.
We measure the growth of the core mass on the TP-AGB to be 10% at M initial = 1.6, rising rapidly to 30% at M initial ≃ 2.0 M ⊙ . For more massive stars, the coremass growth is lower and decreases steadily to ∼10% at M initial ≃ 3.4 M ⊙ . These results are in nice agreement with the new TP-AGB models in Marigo et al. (2013) for initial metallicity Z initial = 0.02, which offer several advances over previous generation calculations. By comparing to models with varying efficiencies of the third dredge-up and different mass-loss prescriptions, we demonstrate that the stellar mass loss rate plays the dominant role in guiding the core-mass growth, but the third dredge-up also produces an important effect that must be taken into account.
We find that the semi-empirical Bedijn (1988)-like mass-loss relation (adopted in Marigo et al. 2013 ) and the Vassiliadis & Wood (1993) formula yield a very good agreement with the new white dwarfs mass measurements, while other prescriptions in the literature need to be tuned by adjusting ad-hoc multiplicative factors. Our exploratory calibration (see Figure 2) suggests to adopt η B ≃ 0.05 in the Blöcker (1995) formula, η vL ≃ 0.4 in the van Loon et al. (2005) relation, and η R ≃ 2 in the Reimers (1975) law. We note, however, that this latter law produces less satisfactory results, failing to reproduce the morphology of the observed relation between the core-mass growth and the initial stellar mass, and in general, it should not be considered a suitable choice for the TP-AGB phase.
A tentative calibration of the third dredge-up efficiency at metallicities Z initial = 0.02, as a function of the stellar mass would indicate that i) stars with M initial < 1.9 M ⊙ do not experience the third dredgeup, in agreement with predictions of full AGB models (Karakas, Lattanzio, & Pols 2002) ; ii) at larger masses the efficiency of the third dredge-up increases quickly with the stellar mass up to values λ max ≃ 0.5 for M initial ≃ 2.5 -3.0 M ⊙ ; iii) this positive trend is eventually reversed and the third dredge-up becomes less efficient with increasing stellar mass, illustrating a larger core-mass growth. The latter point is at odds with full TP-AGB models (Karakas, Lattanzio, & Pols 2002 ) that predict λ max ≃ 0.9 -1.0 for M initial < 4.0 M ⊙ . Given its critical impact on the chemical yields from more massive AGB stars, this aspect demands a further careful analysis, which is postponed to a follow-up work. In any case, the inefficient C-star formation at Z initial = 0.02, that follows from this preliminary calibration, is supported by the recent study of Boyer et al. (2013) , who have pointed out a dramatic scarcity of C stars in the inner disk of the M31 galaxy, a region characterized by a metallicity comparable to that considered in this work ([Fe/H] ≃ +0.1).
Finally, we relate the core-mass growth to the nuclear fuel burnt during the TP-AGB phase to calculate the energy output of stars in this phase as summarized in Tables 3 (best-fitting model) and 4 (data). At the peak core-mass growth for stars with M initial ∼ 2 M ⊙ , the TP-AGB lifetime is τ ≃ 3.4 Myr, which reduces to τ ≃ 2 Myr for luminosities brighter than the RGB tip (i.e., log(L/L ⊙ ) > 3.4). The corresponding integrated luminosity is L ≃ 12 × 10 9 L ⊙ yr. Our measurements illustrate that the fuel burnt during the TP-AGB for metallicity Z i ≃ 0.02, is substantially lower than adopted by Maraston (2005) , and to a lesser extent, than predicted by . This finding is in line with other recent studies that, from independent arguments, favor a lighter TP-AGB contribution to the integrated galaxy light, (e.g., Kriek et al. 2010; Melbourne et al. 2012; Zibetti et al. 2013; Conroy 2013) . Our results are also in line with the recent conclusions of Girardi et al. (2013) , who point out at an insidious problem in present derivations of the TP-AGB fuel based on Magellanic Cloud star clusters.
We caution that the conclusions drawn from this study apply to the TP-AGB stars with slightly super-solar metallicity, and a straightforward extrapolation to lower metallicities is not correct and should be avoided. Accomplishing a thorough and reliable TP-AGB calibration requires an observational sampling over the entire relevant ranges of ages and metallicites. Accurate white dwarf mass measurements in additional intermediateaged star clusters, like those presented in this work, provide us with a valuable contribution to achieve this ambitious and challenging goal.
